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Abstract. Let Mi and M2 be two Kahler manifolds. Following [4] one 
says that Mi and M2 are relatives if they share a non-trivial Kahler 
submanifold S, namely, if there exist two holomorphic and isometric 
immersions (Kahler immersions) hi : S —> Mi and hi : S Mi- 
Our main results in this paper is Theorem 11.21 where we show that a 
bounded homogeneous domain with a homogeneous Kahler metric and 
a projective Kahler manifold (i.e. a projective manifold endowed with 
the restriction of the Fubini-Study metric) are not relatives. Our result 
is a generalization of the result obtained in [3] for the Bergman metrics. 
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1 - Introduction 

The study of Kahler immersions (holomorphic and isometric immersions) 
started with E. Calabi in his seminal paper [1] where he gave necessary and 
sufficient conditions for the existence of a Kahler immersion of a finite dimen- 
sional Kahler manifold into a complex space form. In particular he proved that 
two complex space forms with curvature of different sign cannot be Kahler im- 
mersed one into another. Moreover, he proved that for complex space forms of 
the same type, just projective spaces can be embedded between themselves in a 
non trivial way by using Veronese mappings. Almost 25 years later M. Umehara 
proved that two finite dimensional complex space forms with holomorphic 
sectional curvatures of different signs cannot be relatives. Recall the definition 
of relatives: 

Definition 1.1. (U\ Definition 1.1]) Let r > 1 be an integer. Two 
Kahler manifolds Mi and Mi are said to be r-relatives if they have in common 
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a complex r- dimensional Kdhler submanifold S, i.e. there exist two Kdhler 
immersions h\ : S — > M\ and I12 '■ S — > Ms- Otherwise, we say that Mi and 
M2 are not relatives. 

Recently, A. J. Di Scala and A. Loi [3] proved the following: 

Theorem 1.1. (TR Theorem 1.2]) A bounded domain D C C™ endowed 
with its Bergman metric and a projective Kdhler manifold endowed with the 
restriction of the Fubini-Study metric are not relatives. 

Our main result is the following theorem which generalizes Theorem 11.11 
when the Bergman metric is homogeneous. Recall that a n-dimcnsional bounded 
homogeneous domain (O, g) is a bounded domain of C™ endowed with the Kahler 
metric g such that the group G = Aut(f2)nlsom(f2, g) act transitively on it. Here 
Aut(f2) denotes the group of invertible holomorphic maps of il and Isom(f2, g) 
the group of isometries of (f2, g). 

Theorem 1.2. A bounded homogeneous domain (£l,g) and a projective 
Kahler manifold endowed with the restriction of the Fubini-Study metric are not 
relatives. 

The proof of our this theorem is based on a recent result [5] obtained by the 
author jointly with A. Loi. We point out that our result is of local nature, i.e. no 
assumptions are used about the compactness or completeness of the manifolds 
involved. 

2 - Proof of Theorem [TT2l 

In order to prove Theorem 1 1.21 it is enough to show that a bounded homoge- 
neous domain and the complex projective space CP m are not relatives. Let uj 
be the Kahler form associated to g. It is well- know that there exists a globally 
defined Kahler potential $ for g i.e. u> = i;dd$. Indeed, fi is pseudoconvex 
being biholomorphically equivalent to a Siegel domain (see, e.g. [7] for a proof) 
and so the existence of a global potential follow by a classical result of Hor- 
mander (see [2]) asserting that the equation du = f with / 3-closed form has 
a global solution on pseudoconvex domains (see also the proof of Theorem 4 in 
[5 , for an explicit construction of the potential $ following the ideas developed 
in [6]). Consider the associated weighted Hilbert space W\<s> of square integrable 
holomorphic functions on J7, with weight e~ A *, namely 

(1) = |/ E Hol(O) I ^ e - A *|/| 2 ^ < 00 J , 

In [9] it is proven that for A > large enough H\$, ^ {0}. Fixed such A, let 
K\$(z,w) be its reproducing kernel. We can define the e-function: 

(2) e Xg (z) = e- x ^K^(z 1 z) 1 
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this function does not depend on the potential <£>, it depends only on the constant 
A and on the metric g (see [9] for details). Moreover, it is invariant with respect 
to the action of the Lie group G. Since G acts transitively on £1, it follows that 
£\g = C is constant (for A large enough) and log Kx$(z, z) is a Kahler potential 
for the metric Xg. By analytic continuation we have 

(3) e Xg (z, w) = e-W'^Kxtiz, w) = C> 0, 

and so K\$(z,w) never vanishes. Then, fixed a point zq, the function 

Kx$(z, w)Kx,s,(zo,z ) 
z )K\<i,{zo, w) 

is well defined. Observe that ip(zo,w) — if>(z, zq) — 1 and that 

V{z) = logil>(z,z) 

is a globally defined Kahler potential for g (actually T>[z) is the diastasis cen- 
tered in zo, see Calabi in [T] for details and further property about the diastasis 
function). We can now consider the Hilbert space Hxv given by: 

nxv = {/ g Hoi(n) I J n ^ xv \f\ 2 ^ < °°} , 

Let us denote Kxv(z,w) its reproducing kernel, as the e-function does not 
depend on the Kahler potential, by © we have 

(4) ex a {z, w) = e- xv ^K xv (z, w) = C, 
where T>(z,w) is the analytic continuation of T>(z). In particular 

K X v(z , w) = Kxv(z, z ) = C 

and so T-Lxv contains the constant functions and by boundedness of 51 all poly- 
nomials belong to Hxt>- In particular Hxv contains the sequence {zfykeN, by 
applying the Gram-Schmidt orthonormalization procedure we get a sequence 
P = {Pk}keN of orthonormal polynomials in the variable z\. 

Consider now the coherent states map (see [9]) ip : Q, — > CP 00 from Q into 
the infinite dimensional complex projective space CP 00 given by 

(5) <p:fl-^CP°°, z^[P (z 1 ),P 1 (z 1 ),...,F (z),F 1 (z),...]. 

where {P (zi), . . . ,F Q (z), . . . } is an orthonormal basis of Hxv obtained com- 
pleting P to an orthonormal basis. Since K\d{z, z) — J2kLo \Pk(zi)\ 2 + \Fk(z)\ 2 
by (01 we see that the map ([5]) is well-defined. Moreover, the constancy of e 
also implies that <p*gFS — Xg, where gps is the Fubini-Study metric on CP 00 
(see [10] for a proof). In other words, the metric Xg is projectively induced via 
the coherent states map. 
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Assume now, by contradiction, that (£l,g) is r-relative (for some positive 
integer r > 1) to the complex projective space CP m (the Kahler metric on M 
is induced by the Fubini-Study metric through the immersion j). Then we can 
assume r — 1 and that there exists an open subset S of C through the origin 
and two Kahler immersions f : S D and h : S — > CP m . 

Consider the Kahler map ipo f : S —> CP°° 

V°f(0 = [Po(fi(t)),Px(fi(ti)),-..,F (f(Z)),F 1 (f (£)),...} 

were f\ is the first component of /. Without loss of generality assume ^-(0) 
0. We claim that Pq (f\ (•)) , P\ (/i (•)) , . . . are linearly independent functions 
on S. Let do, . . . , a q be complex numbers such that 

a Pka (fi (0) + • • • + a q P kq {fx (0) = 0. 

By the assumption on fx it follows that /i (S) contains an open set of C, therefore 

a P ko (z) H h a q P kq (z) = for every z <E C. Since P fco , . . . , P kq are linearly 

independent all the a k must be zero, proving our claim. 

On the other hand, if i : CP m —> CP°° is the standard totally geodesic 
embedding, then i o h : S —> CP 00 is a Kahler immersion. Thus the smallest 
subspace containing i o h(S) is infinite dimensional, while <p o / is contained in 
a m-dimensional subspace, this is in contrast with the Calabi's rigidity theorem 
(see pQ), as wished. □ 

Acknowledgments. I wish to thank Prof. Andrea Loi for his interest 
in my work and various stimulating discussions. 
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